A Wilson loop is defined, in 4-D pure Einstein gravity, as the trace of the holonomy of the Christoffel connection or of the spin connection, and its invariance under the symmetry transformations of the action is showed (diffeomorphisms and local Lorentz transformations). We then compute the loop perturbatively, both on a flat background and in the presence of an external source; we also allow some modifications in the form of the action, and test the action of "stabilized" gravity. A geometrical analysis of the results in terms of the gauge group of the euclidean theory, SO(4), leads us to the conclusion that the correspondent statistical system does not develope any configuration with localized curvature at low temperature. This "non-local" behavior of the quantized gravitational field strongly contrasts with that of usual gauge fields. Our results also provide an explanation for the absence of any invariant correlation of the curvature in the same approximation.
Introduction.
One open issue of fundamental interest in (3+1)-dimensional quantum gravity is the identification of a set of meaningful observable quantities.
Either if we regard quantum gravity as a (not yet established!) fundamental theory, or as an effective quantum field theory which has General Relativity as its classical limit and goes to some more fundamental theory at short distances, the observable quantities are important in guiding the research.
Just because a complete quantum theory of gravity is still lacking, it is not possible to define exactly what an observable is. The task is particularly difficult also due to the huge invariance group of gravity, namely the group of the diffeomorphisms. We shall agree to consider a quantity as an observable, if the corresponding classical quantity is a geometrical invariant, i.e., it is invariant under arbitrary transformations of the coordinates.
The observables we intend to study in the present paper are the Wilson loops, or "holonomies", of the Christoffel connection or of the spin connection Γ a µb . We have chosen to work in a formalism based on the metric (or on the vierbein), because we want to assure that the "size" and the "form" of a loop can eventually be specified through invariant distances and angles. This seems us to be an essential requirement for a physically meaningful holonomy; otherwise it would only have topological content, and all the remaining information about the manifold would be lost.
Generally speaking, it is known that the quantum averages of the loop operators have to satisfy the analogues of the Migdal-Polyakov loop equations [1] . Some general features of these equations have been studied by Makeenko and Voronov [2] , considering the Christoffel connection and the usual Einstein action in the metric formalism. What we shall do is simpler but more explicit. Keeping the local fields as the fundamental dynamical variables, we shall compute the loops in a few different cases, in order to learn about their behaviour and their geometrical meaning. The latter turns out to be quite different from that of the holonomies of Yang-Mills fields.
Our calculations are based on the Einstein-Hilbert action. We shall see, however, that certain properties of the loops do not depend on the detailed form of the action.
Since we work essentially in perturbation theory, some problems like the lower unboundedness of the euclidean Einstein action do not strictly affect our results. Nevertheless, the formalism we develop will also lead us to consider, in the last Section, a different "source" for the dynamics of the euclidean gravitational field, namely the "stabilized action" of Greensite.
The plan of the paper is the following. In § 2 we define geometrically in detail the Wilson loop of the Christoffel connection and of the spin connection (in the vector representation) and show their equivalence.
In § 3 classical and quantum dynamics are introduced. We also recall the well known fact that Einstein's action is locally invariant under SO(3, 1), but not under ISO(3, 1); so the invariant Wilson loops are just those of the Lorentz connection, and not, like in (2+1)-gravity, those of a generalized connection which contains the generators of the translations.
In § 4 we give one illustrative example of a classical holonomy, computing it along a circle of constant radius in a Schwartzschild metric.
In § 5 we consider the case of a weak gravitational field, quantized around a flat background. We briefly review the corresponding perturbation theory and prove that the leading contribution to the Wilson loop, proportional tohκ 2 , vanishes for quite general dimensional and symmetry reasons.
In § 6 an expression is given for the contribution of orderh to the holonomies computed on a non-flat background. In general this contribution is not vanishing in that case, due to the lower symmetry of the background; however, it is only of orderhκ 3 .
In § 7 we work out in detail the geometrical meaning of the matrix U of the parallel transport in the euclidean theory and conclude that its trace -that is, the loop W -is the sum of the squares of two angles, describing an SO(4) rotation. So the vanishing of W 0 to orderh implies that in the equivalent statistical system there are no excitations with localized curvature at low temperature. This quite unexpected physical picture also explains the absence of any invariant correlation of the curvature in this approximation [9] .
Finally, in § 8 we consider a recently proposed "stabilized" version of euclidean quantum gravity [12] and
show that the basic property of the holonomies found in § 5 is maintained in this case. § 9 contains our conclusions.
2 Definitions.
In the so-called "second order" (or metric) formalism, classical spacetime is described by a Lorentzian manifold M , whose geometry is encoded in a metric tensor g µν (x) of signature (−1, 1, 1, 1) (our conventions are those of Weinberg [3] ).
There is a natural definition of parallel transport of tensors on M . For instance, the variation of a vector
where Γ α µβ is the Christoffel connection
Integrating (1) we find that the parallel transport of V along a finite differentiable curve connecting the points
x and x ′ is performed by the matrix
where the symbol P means that the matrices (Γ µ ) are lowered and raised by g αγ (x) and g βγ (x ′ ), respectively.
When the manifold is curved, the matrix U depends not only on the end points x and x ′ , but also on the path. In fact, if C is a smooth closed curve on M , we define the loop functional (or "holonomy") W(C) as
We make the physical requirement that the curve C should be possibly defined in an intrinsic way (that is, independently of the coordinates), and that its form and size should be eventually specified by invariant distances and angles. We also remind that we are not interested here in self-intersecting loops, non-trivial topologies or global effects, but only in "local" effects. Our attitude should be different, of course, in analyzing the (2+1)-dimensional theory, where there are no local degrees of freedom.
The term −4 in eq. (4) sets the holonomy to zero in the case of a flat space, when the matrix U reduces to an identity matrix.
Under a coordinates transformation x → ζ, the matrix U transforms in the following way
does not affect the trace of U. So the loop W(C) is invariant with respect to coordinate transformations.
Instead of the metric formalism, it is also possible to use a "first order" formalism, by introducing the vierbein field e a µ (x) and its inverse E µ a (x) [4] , which satisfy the relations
Any vector V µ (or, more generally, any tensor) can be referred to the vierbein, with "anholonomic" components V a given, in any point x, by
The equivalent of (1) in terms of the anholonomic connection Γ a µb is
and the matrix U of the finite parallel transport has an expression which is formally the analogue of (3), namely
Using (1), (10) and (7) it is straightforward to verify that the relation between the connections Γ α µβ and Γ a µb is the following (12) and that the relation between the matrices
It is known that gravity in the vierbein formalism has a local Lorentz invariance, since eq. (8) is insensitive to a Lorentz rotation of E a (x), E b (x). The connection Γ a µb is then completely analogous to an usual gauge connection, and its Wilson loop
is a natural invariant quantity of the theory. But from eq. (13) we see that this loop is equal to that defined in (4) . So the Christoffel connection Γ α µβ and the anholonomic Γ a µb connection have the same loop, denoted by W(C). In the computations we shall employ the connection Γ α µβ , which is usually simpler to deal with.
When the exponential in (4) is expanded, one obtains terms with 1, 2, 3, ... fields Γ. We introduce the notation, to be used in the following
and
3 Dynamics.
We shall assume that the dynamics of the gravitational field is given by the Einstein-Hilbert action
In the vierbein formalism S is expressed as
where R ab µν is the usual gauge curvature of Γ a bµ . As it is well known, Einstein's gravity written in the form (19) is a gauge theory of the Lorentz group (i.e., S is invariant under local Lorentz transformations), but not of the whole Poincaré group ISO(3, 1). A gauge formulation can be obtained only introducing some auxiliary fields q a [5] .
So it is not possible to consider in (3+1) dimensions, like in (2+1)-gravity [6] , the holonomies of the Lie algebra valued connection
where P a and ω ab are the generators of the translations and of the Lorentz transformations.
From the dynamical point of view, the holonomies of A µ have certainly more content than the holonomies of Γ µ alone. For instance, it can be easily verified that the term
is not trivial to leading order, unlike the corresponding term containing the connection (see § 5). However, this term does not respect the invariance of the action. In conclusion, the loop W(C) defined in eq.s (4) , (14) is the only invariant loop functional which we can define in Einstein's gravity.
In the quantum case, we assume the quantum averages to be given by the functional integral
or by the analogous formula in the first order formalism.
A roman letter corresponding to a calligraphic one will denote the vacuum average of the classical quantity.
For instance, we write
0 + ...
4 Classical case.
We just give one typical example of a classical holonomy, namely that of the Schwarzschild solution. Let us consider the Schwarzschild metric [3] 
where
The corresponding Christoffel connection has the following non-vanishing components
Let us take as the curve C a circle of radius r 0 , azimut θ 0 and constant time t 0 ; that is, C is described by the function
The linear term W (1) in the holonomy is given by (we omit, for brevity, the arguments of the field)
The quadratic term is
It is easy to check that the contribution W (3) , of the form
vanishes, and the same do the following contributions. Thus the total holonomy is exactly given by
We see that if we set θ 0 = 0 ("equatorial" circle) the loop is constant and equal to −(2π) 2 (for symmetry reasons); if we set θ 0 = 0, we have a small "precession angle" (see § 7) which depends on r 0 and vanishes when r 0 → ∞.
5 Small quantum fluctuations around a flat background.
In this case, following the usual approach, we decompose the metric g µν (x) as
and we interpret η µν as the classical background, while κh µν (x) is regarded as a small quantized perturbation, which represents gravitons propagating in the vacuum. The Einstein-Hilbert lagrangian (18) is then splitted into a quadratic part, whose inverse gives the bare graviton propagator, and into interaction vertices. Due to the non polynomial character of the lagrangian, there are infinitely many vertices; the first two ones, respectively proportional to κ and κ 2 , connect 3 and 4 fields h. Hence the first few orders of perturbation theory are formally very similar to those of Yang-Mills theory.
The leading contribution to W , of orderhκ 2 , is given by W (2) with one bare propagator, namely
Here the brackets denote the bare propagator of the Γ's, obtained using their definition (2) What is remarkable, and easily shown [7] , is that the leading term (35), of orderh, vanishes in Einstein's theory. (This opened the problem of finding a gauge invariant expression for the static gravitational potential;
see [8] .) In the following of this Section, we would like to show that this vanishing, in fact, does not depend on the dynamic content of Einstein's action, but is only due to the symmetries of the propagator, to the Poincaré invariance of the background and to the absence of a dimensional coupling (apart from the overall factor κ −2 )
in the action (18).
Let us write the most general form of the propagator h µν (x)h αβ (y) which is compatible with the symmetries in the indices and with Poincaré invariance (in any dimension N ). We have
The tensor ∆ µναβ is the generalization of η µν to tensors with a symmetric couple of symmetric indices, and also the tensors s µναβ and S µναβ are defined in such a way that the decomposition (36) is left invariant by the exchange of the pair (αβ) with (µν) and of the indices inside each pair.
In (36), a, b, c, d, e are numerical constants. No other terms can be present, since there are no other dimensional parameters in the linearized action. The contribution of orderhκ 2 to the holonomy is
gradients, or ultra-local terms (that is, containing δ 4 (x−y)), or finally are proportional to the following functions
which vanish by homogeneity.
As it was pointed out in [9] , if we admit dimensional couplings in the action, like in (R + R 2 )-gravity, some non-vanishing contribution to W (2) may arise.
Finally, we would like to justify our omission of higher order calculations by observing that the vanishing of the leading term has a geometrical interpretation which strongly affects the physical significance of the holonomies (see § 7). Furthermore, higher order calculations in quantum gravity are very complicated, and give rise to non renormalizable infinities, which require the introduction of some effective cut-off. What would thus seem more appropriate to us, and is in progress now, is to apply higher order perturbation technique to the formula for the static potential [8] .
In the next Section, instead, we shall give a kind of semiclassical expression for the Wilson loops.
6 Non-flat background.
The discussion of the preceding Section suggests that a contribution to the holonomy proportional toh could arise on a non-flat background. In order to illustrate this point, let us suppose that a weak external source J for the gravitational field is present. The field produced by this source, as given by the Einstein equations, will be denoted, in the variable h defined in (34), by h 0,µν (x). The functional integral (22) will now depend on J:
omitting the indices of the field, it is given by
If we expand the action S[h] around the classical solution h 0 , we find
Since by definition we have
we are left with [10] z
The operator
is the graviton propagator in the background h 0 . If we write symbolically the Einstein action as a quadratic part Q plus the interaction vertices V (3) and V (4) , in the following way
we have
whose inverse is
where Q −1 is the usual propagator of the graviton on a flat background. When evaluating the holonomy, we have to compute the expectation value
It is known that S 3 is of higher order inh; thus the contribution of orderh to W is still given by eq. (35), where the propagator is now given by (53). The term with Q −1 vanishes, as we saw in the preceding Section; the other term in general does not vanish, and gives a contribution to the holonomy proportional tohκ 3 .
Thus we have seen that breaking the Poincaré invariance with a small source term which produces a non-flat background, we may obtain a contribution to the quantum holonomies proportional toh, while there is no such contribution on a flat background. Nevertheless, this is a small effect, being proportional to κ 3 .
Geometrical and physical interpretation.
It is interesting at this point to do a sharper analysis of the properties of the matrix U(C) of the parallel transport defined in § 2. We shall see that in the euclidean theory the vanishing of its trace amounts to a very strong geometrical statement.
Let us first consider, for illustrative purposes, the case of a Yang-Mills theory of the group SO(3). The gauge connection has the form
where the matrices L i constitute a representation of the Lie algebra of the group. In particular, to fix the ideas, let us choose the adjoint representation; in this case the matrices L i have elements (L i ) m n (m, n = 1, 2, 3), which are related to the structure constants ε imn of the group. The connection A µ (x) performs the parallel transport of a 3-dimensional vector V n in the "internal" space according to the formula (compare eq. (10))
The vector is rotated during the transport, but its length remains unchanged. Let us consider the matrix O(C) which describes the parallel transport along a closed curve C. O(C) is defined by a P-exponential, through a formula similar to eq. (4). Suppose that we take a vector V in a point P of C, and parallel-transport it along C, returning to P ; let us denote by V ′ the new vector we obtain in this way. The vectors V and V ′ have the same length, that is
but they differ by an angle θ, which is related to the trace of O(C). For small angles, we have, by a proper choice of the coordinate axes in the internal space
that means
More generally, we remind that the Lie algebra of SO(3) has just one Casimir invariant, namely the operator
This operator commutes with each of the L i 's, so we can in general rotate our coordinate system as to have
, and the rotation matrix takes in this case the form (58), i.e. we have
Taking the trace of (61), remembering that Tr L i = 0 and using the normalization condition of the Lie generators
we find that θ 2 is the coefficient of the Casimir invariant in the expansion of the exponential.
Next we come to consider the group SO(4). Intuitively, adding a new dimension we can make an independent rotation. Multiplying two 4-dimensional matrices similar to (58), the first representing a rotation by an angle θ I perpendicular to one plane and the second a rotation by another angle θ II perpendicular to another plane, we find that
Also we know that SO ( The group SO(4) is the relevant one for euclidean quantum gravity. In fact, the geometrical interpretation of the matrix U(C) is the following. During the parallel transport of a vector V in spacetime, its length, given
does not change. If we transport V along a closed curve C, returning to the starting point, we obtain another vector V ′ , which has the same length of V , and differs from it only in the orientation. Hence we have for any
or, in matrix notation,
The matrix U belong then to SO(4) and its trace has the form (63).
If the variance of the angles θ I and θ II is zero to orderh (because W (2) vanishes), the angles themselves have to vanish identically in any configuration, that is
This is a very strong geometrical statement, as it implies that, still to orderh, all the weak field configurations which effectively enter the functional integral So the matrices of the parallel transport in the "internal" gauge manifold, considered configuration by configuration, are not equal to the identity matrix. Interpretingh as the temperature Θ of an equivalent statistical system, we see that when Θ grows from zero to some small value -such that we may disregard Θ All this does not happen for the gravitational field, which remains essentially in a "flat" state. Such a picture also explains the absence in this approximation of any invariant correlation of the curvature [9] .
We also have seen that the introduction of a small external source in the functional integral (68), breaking the Poincaré invariance of the background, gives rise in general to a non vanishing contribution to the loop proportional toh. In this case we may have excitations with localized curvature, but they are very small, since their variance is proportional to κ 3 instead of κ 2 (they are in fact originated by the non-linear interaction of gravitons).
Stabilized gravity.
In a series of papers [12] , Greensite has recently proposed a new "stabilized" action for euclidean quantum gravity. It is known [13] that the euclidean action obtained from Einstein's action by naive analytical continuation is not bounded from below, due to the "wrong sign" of the conformal term in the kinetic operator. On the other hand, it is not obvious in quantum gravity that the simple analytical continuation is a correct procedure.
Both field-theoretical work [14] and a suitably modified stochastic quantization procedure [12] suggest that in the "right" euclidean action the sign of the conformal factor is flipped to lowest order, while to higher orders the action itself becomes non-local.
In the following of this Section, also in view of future applications, we shall find the propagator of stabilized gravity and verify that it gives the expected result for the holonomies to leading order.
In the usual Einstein theory the kinetic operatorK is given bỹ
where P (2) and P (0−s) are the projection operators
The kinetic operator of the linearized effective action of stabilized gravity is simply obtained by changing the sign in (70)K
Explicit evaluation ofK Einstein leads to the expressioñ
where the tensors ∆ µναβ ,s µναβ andS µναβ are the analogues in p-space of those defined in eq.s (37) -(40).
ForK
Stabilized we have instead, expanding (74) ,
The kinetic operators above are not invertible. In order to find the corresponding propagators, we must add to them a gauge-fixing term, usually the harmonic gauge fixing
Then we consider the following propagator equation
and look for a solution of the general form
where a, b, c, d, e are numerical constants.
In the case of Einstein's theory we find
which corresponds in the x-space to the familiar Feynman-De Witt propagator [15] h µν (x)h ρσ (y) 
So the propagator is (with X = x − y) h µν (x)h ρσ (y)
St.
= − 1 (2π) 2 X 2 ∆ µνρσ + 1 6(2π) 2 X 2 δ µν δ ρσ − 2 3(2π) 2 X 4 s µνρσ − 4 3(2π) 2 X 6 X µ X ν X ρ X σ .
Being of the form (36) it gives no contribution to the leading term of the holonomies (see § 5).
Concluding remarks.
In this work the behavior of quantum and semiclassical Wilson loops has been studied perturbatively in fourdimensional pure Einstein gravity. The main results comprise the vanishing of the leading perturbative contribution to the loops and a geometrical interpretation of this vanishing in terms of the structure of the vacuum state. We also have treated the case of a non flat background and that of stabilized gravity.
The most interesting "discovery" of our analysis, from the physical point of view, is that the vacuum state of quantum gravity does not show, to orderh, any field configuration with localized curvature. This behavior is very different from that of other gauge fields.
But if the Wilson loops vanish and if there is no localized curvature, how can we express in a invariant way the interaction energy of two masses, and how can we think of the "mechanism" of their gravitational interaction?
The first question has a definite formal answer, in terms of an essentially non-local formula [8] .
The second question is more subtle -also in view of the difficulties encountered already at the classical level for the definition of a localized gravitational energy (see [8] ). All we can say at the present stage is that the mechanism seems to be not strictly local. It could be possible to find some analogue of this behavior in other field models; work is in progress in this direction.
One limit of our analysis resides in its perturbative nature. Of course, non perturbative analyses of quantum gravity are a major challenge. Nevertheless, all the considerations above do not involve particularly short distances, where gravity is thought to develope highly non-perturbative features. As we pointed out in the Introduction, perturbative quantum gravity may be regarded in our case just as an effective field theory.
